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We present three new methods for modeling broad-bandwidth, nanosecond optical parametric oscillators in the
plane-wave approximation. Each accounts for the group-velocity differences that determine the operating
linewidth of unseeded optical parametric oscillators, and each allows the signal and the idler waves to develop
from quantum noise. The first two methods are based on split-step integration methods in which nonlinear
mixing and propagation are calculated separately on alternate steps. One method relies on Fourier transforming the fields between t and v to handle propagation, with mixing integrated over a Dz step; the other
transforms between z and k z in the propagation step, with mixing integrated over Dt. The third method is
based on expansion of the three optical fields in terms of their respective longitudinal empty cavity modes,
taking into account the cavity boundary conditions. Equations describing the time development of the mode
amplitudes are solved to yield the time dependence of the three output fields. These models exclude diffraction and group-velocity dispersion but can be readily extended to include them. © 1999 Optical Society of
America [S0740-3224(99)02103-7]
OCIS codes: 190.2620, 190.4410, 190.4970, 230.4320, 140.3430.

1. INTRODUCTION
In recent years the discovery of new nonlinear optical materials, improvements in the performance of solid-state
pump lasers, and progress in high-damage-threshold optics has stimulated renewed interest in optical parametric
oscillators (OPO’s). Despite recent progress, these devices have yet to reach their full potential as sources with
broad tunability, narrow linewidth, and good beam quality. One reason is that their behavior is more complex
than is often appreciated. This complexity makes computer simulations essential in interpreting laboratory observations and in optimizing OPO designs. We reported
earlier on a numerical model1 of nanosecond, pulsed
OPO’s that included diffraction, birefringent walk-off,
and pump depletion. Its predictions agreed well with detailed measurements of spatial beam profiles and beam
quality, spatially resolved temporal pulse shapes, and frequency spectra for a single-frequency, injection-seeded
KTP ring OPO. The primary limitation of that model
was its assumption of narrow-bandwidth operation,
which is appropriate for injection-seeded, singlelongitudinal-mode devices pumped by single-longitudinalmode pulses, but not for broad-bandwidth operation or for
multi-longitudinal-mode pumps. To address this shortcoming, we present here three new methods for modeling
multimode, or broad-bandwidth, OPO’s pumped by
single-mode or multimode lasers, in the plane-wave limit.
Each method can be extended to include diffraction and
birefringent walk-off, but that work is deferred, in part
0740-3224/99/040609-11$15.00

because of the computing power required for such a complete model.
These models of broad-bandwidth OPO’s should prove
useful in understanding the spectral properties of unseeded, or free-running, pulsed OPO’s that start from
quantum noise, and also in understanding the conditions
necessary for injection seeding them. For example, we
noted in an earlier paper2 that a free-running, pulsed
OPO generated broadband light with nearly pure phase
modulation. The models presented here can test the generality of this observation. They can also be useful in
predicting line widths and efficiencies of free running
OPO’s, and with realistic quantum-noise models, they can
predict the pulse-to-pulse fluctuations in output spectra
and conversion efficiency. They should also answer questions of interest in injection seeding, such as the tolerance
for detuning of the seed light from a cavity mode, tolerance to phase mismatch in the crystal, comparison of
seeding with cw and pulsed light, the influence of the
pump pulse’s temporal shape and energy; and the role of
pump bandwidth in seeding. A general model to address
these issues should permit multimode pump light, arbitrary mirror reflectivities, a realistic quantum-noise
model, arbitrary seed-light properties, frequency-selective
cavity elements, and variable crystal properties. As we
will show, our models meet these criteria.
We have chosen the OPO diagrammed in Fig. 1 as the
target for our models, although the extension to other
configurations is straightforward. The model must inte© 1999 Optical Society of America
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The three-wave parametric mixing equations that must
be integrated inside the crystal are well known3 to reduce
in the plane-wave limit to
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grate the signal, idler, and pump wave equations through
the crystal including nonlinear source terms, and it must
apply appropriate boundary conditions at the mirrors and
crystal interfaces.
We define the signal field in terms of a carrier frequency v s by

(1)

so temporal and spatial structure is described by the coefficient e s (t, z). Outside the crystal k s 5 v s /c, and inside the crystal k s 5 n s v s /c, where n s is the crystal index of refraction at the signal wavelength. Similar
relations describe the idler and the pump waves. The
boundary conditions simply require that at the input mirror the field amplitudes of the output waves are the sum
of reflected input and transmitted circulating field amplitudes,
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and the circulating amplitudes are the combination of the
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where Dk is the phase-velocity mismatch for the carrier
waves defined by

1
E s ~ t, z ! 5 $ e s ~ t, z ! exp@ 2i ~ v s t 2 k s z !#
2
1 e*
s ~ t, z ! exp@ i ~ v s t 2 k s z !# % ,

S

]

]2

i v s d eff
e p ~ t, z ! e i* ~ t, z ! exp~ iDkz ! [ P s ~ t, z ! ,
n sc

5

Fig. 1. Diagram of the optical parametric oscillators modeled in
this paper. The reflectivities of mirrors M2 and M3 are 1.0 for
all three waves. Mirror M1 reflectivities and other parameters
are given in Tables 1 and 2.

1 ias

(3)

where j 5 s, i, p for signal, idler, or pump, and the R j ’s
are the reflectivities of the input mirror. The cavity
round-trip length is L, and z values 0 and L refer to positions just after and just before the input mirror. The
phases f j are residual round-trip phases proportional to
the detuning of the carrier waves from cavity resonance.
At the crystal input face the field in the crystal is related
to the circulating field by

Dk 5 k p 2 k s 2 k i ,

(9)

and the carrier frequencies satisfy

vp 5 vs 1 vi .

(10)

The second terms on the left in Eqs. (6)–(8) are associated
with the group velocity, v, of each wave, defined by
1
v dn
n
dk
5
1
5
.
v
c
c dv
dv

(11)

The third term describes group-velocity dispersion and is
usually important only for bandwidths greater than several hundred wave numbers. Because this is seldom the
case for nanosecond OPO’s, except near degeneracy for
type 1 mixing, we disregard that term throughout this paper.
In our previous model of single-longitudinal-mode
OPO’s, we ignored group-velocity differences among the
three waves, in effect assuming that all three waves
propagate with equal group velocity. This was appropriate for near-monochromatic operation, where the time
structure on the optical fields was limited to a scale much
longer than any of the group-velocity walk-off times defined by

t jk 5 L c
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where L c is the crystal length. For a broad-bandwidth
OPO, in contrast, the waves are structured on a time
scale as short as the signal–idler walk-off time, t si , so the
group-velocity terms must be retained. In fact, it is the
time slippage between the signal and the idler waves ow-
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ing to their differing group velocities that is responsible
for smoothing structure over times shorter than t si , limiting the operating bandwidth of a free-running OPO to
21
or less. Our new models integrate Eqs. (6)–(8),
about t si
retaining the group-velocity term.
There are a few published theoretical treatments of
multimode OPO’s.4–9 However, most neglect the groupvelocity term, and consequently they provide a poor
physical description of broad-bandwidth OPO’s, although
in some cases they predict spectral bandwidths reasonably well. Several of the models4–7 are based on an early
theory of OPO’s by Yariv and Louisell.10 This analysis
starts with three coupled first-order equations of motion
for longitudinally space-averaged field amplitudes derived by expanding the intracavity signal, idler, and
pump fields in a set of lossless and orthonormal cavity
modes. The resulting rate equations are supposed to describe the time development of these fields in the case of
single-mode operation with a single-mode pump.
Cassedy and Jain,4 Kong et al.,5 Schroder et al.,6 and Boller and Schroder7 adapted these rate equations to the
case of multiple signal and idler modes, assuming a single
pump mode. However, it has been shown by numerous
experiments and models1,11,12 that the assumption of spatially uniform fields is violated for most nanosecond
OPO’s. Generally, the pump beam is not resonated and
is severely depleted as it passes through the crystal. Additionally, the idler wave is often unresonated and must
grow from zero at the input end of the crystal to its output
value. Even the resonated signal wave is nonuniform because the output coupling in nanosecond OPO’s is high,
typically 0.1 to 0.5. To allow for nonuniform fields, Fix
and Wallenstein8 modified this approach by using the
mixing equations above without the group-velocity terms.
A single-mode pump was assumed, but N pairs of signal
and idler modes were allowed with a value of Dk assigned
to each pair. The (2N 1 1) equations corresponding to
Eqs. (6)–(8) above were integrated in z, assuming equal
group velocities for all waves, and applying the boundary
conditions at the mirrors on each round trip of the cavity.
One problem with this method is that it does not properly
handle group-velocity effects. The Dk’s appear only in
the nonlinear polarization terms and describe the phase
adjustments from nonlinear mixing but not those from
linear propagation. All temporal structure that develops
on the pulses is assumed to propagate with the same velocity for the three waves rather than with their actual
group velocities. This method has been successful in predicting the linewidths of unseeded nanosecond OPO’s, but
a more realistic model that includes group-velocity differences is needed to describe accurately the full range of
broadband OPO behavior, including the effects of injection seeding. Only the model recently presented by
Arisholm9 includes the group velocities. He uses two different approximate methods of treating them, with the
more accurate method based on shifting a field by one
time-resolution step when its accumulated walk-off
equals one time step.
In contrast to Fix and Wallenstein,8 we follow the time
development of only three waves, the carrier waves for
the signal, the idler, and the pump. Spectra are deduced
from the time-dependent structure that develops on these
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waves. Generally, the structure will be nearly periodic
with a cavity round-trip repetition time, corresponding to
the usual longitudinal cavity modes. The time structure
will be smoothed over a time scale of t si , the signal/idler
walk-off time, limiting the spectral width to the crystal’s
acceptance bandwidth or less. Using this approach, Eqs.
(6)–(8), including the group-velocity term, have successfully described single-pass parametric mixing of broadbandwidth pulses13–21 as well as synchronously pumped
OPO’s.22,23 Two common methods of numerical solution
are the Runge–Kutta direct integration method as outlined by Bakker et al.,13 and the split-step integration
method in which linear propagation steps are alternated
with nonlinear mixing steps. We present two examples
of the latter method. We also present a method of solution based on the exact cavity equations of motion, which
are derived by expansion of the fields in a Fourier series
of longitudinal modes. Our mode-expansion formulation
allows for spatially nonuniform fields, arbitrary mirror
reflectivities, and group-velocity mismatch. All three
models described below give identical results for simulating broadband OPO’s in the plane-wave limit.

2. SPLIT-STEP METHOD 1
In our first implementation of the split-step method, the
field e j (t, z 1 Dz) is determined from e j (t, z) first by integration of the equations without the nonlinear source
term. In a reference frame with time transformed to
keep the pulse with the fastest group velocity, v m , stationary in time, defined by
z 8 5 z,

(13)

t 8 5 t 2 z/v m ,

(14)

the propagation equations inside the crystal have the
form
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Fourier transforming from t 8 to v converts this equation
to
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(17)

and D v j is the detuning of the Fourier wave from its carrier frequency. Equation (16) shows that linear propagation over step Dz in $ D v j , z % space is equivalent to shifting the phase of each monochromatic wave of frequency
shift D v j by @ DzD v j (1 /v j 2 1 /v m ) # , so linear propagation
is handled by transforming to $ D v , z % space, shifting the
phase of each monochromatic wave as indicated, and
transforming back to $ t 8 , z % space. The nonlinear mixing half-step is then performed in $ t 8 , z % space by integration of the mixing equations without the group-velocity
term
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Table 1. Parameters of Example OPO
(18)

over the step Dz, with a Runge–Kutta method.
Figure 2 illustrates the details of our implementation.
The input fields e in
j (t) are specified gridded in time.
They are modified by the input mirror and input face reflections to give the fields just inside the crystal input face
e j (t, z 0 ). As we just described, these fields are Fourier
transformed from $ t, z 0 % to $ D v , z 0 % , the phase shifts are
applied, and the fields are transformed back to $ t, z 0 %
space. The use of the transformed time t 8 is a convenience to keep the pulses nearly centered in the time grid.
The mixing step then modifies the fields at each point of
the time grid according to Eq. (18), giving e j (t, z 1 ). This
process is repeated until the final z step in the crystal is
reached. The fields exiting the crystal are then delayed
on the time grid by the round-trip time of the fastest
wave, t rt
m , and split into components reflected and transmitted by the input mirror. The reflected components
are added to the transmitted components of the original
input fields, and the resulting fields are again passed
through the crystal, giving results accurate for two crystal passes or over the time interval (0 – 2t rt
This prom ).
cess is repeated for a third pass, giving results accurate
over (0 – 3t rt
m ) and so on until the entire pulse duration is
modeled.
We have verified that this method works. However, it
is computationally inefficient because the entire time
range of the pulses is propagated through the crystal to
extend the time history of the pulses by only t rt
m , requiring many passes with large time arrays. A much more
efficient method is to propagate only one round-trip time
slice per pass. To find the starting fields for pass N, the
reflected light from pass (N 2 1) is combined with the
Nth slice of transmitted input light, and the entire history is built up one pass at a time. In practice, we use
time slices somewhat longer than a single round-trip
time, specifying the field over the interval @ (N 2 1)t rt
m
2 Dt # to (Nt rt
m 1 Dt). This is necessary because groupvelocity differences make the round-trip times different
for the three waves. We use the round-trip time of the
fastest wave as the nominal round-trip time. Propagation of the slower waves causes light from one round-trip
slice to flow into the next, so a portion of the preceding
slice must be included to accommodate this flow. Additional extra time is used to prevent aliasing in the Fourier

Fig. 2. Example of OPO model gridding for split-step method 1.
The pulses are gridded in time at each z point.

Parameter

Pump

Signal

Idler

Wavelength (nm)
Refractive index
Group-velocity index
Crystal absorption (cm21)
Input energy (J)

355
2.2
2.275
0
0.4

710
2.2
2.2
0
quantum noise
1 variable seed

710
2.2
2.35
0
quantum
noise

4

4

4

FWHM pulse
duration (ns)
FWHM beam
diameter (mm)
Input mirror
reflectivity

2

0

0.7

0

Cavity length (mm)

11

5

d eff (pm/V)

2

Crystal length
(mm)
Dk (mm21)

0

transform. This extra interval is usually ;20 time
points, and we weight them so the field amplitudes
smoothly drop from actual amplitudes at the splice point
to zero at the end points. At the end of each round-trip
calculation, the spliced-on time zones are dropped, and
the remaining field is the calculated field for the Nth pass
of the cavity. This method assumes that light in the Nth
time slice is unaffected by light outside the included time
interval, a good approximation so long as there are no
sharp features in the spectral response of the crystal that
would have a corresponding time transform longer than
Dt. This requirement is almost always met with nonlinear crystals of interest in OPO applications, and is essentially the same assumption made in dropping higherorder time-derivative terms (group-velocity dispersion
and higher-order dispersion terms) in the mixing equations.
Frequency-selective intracavity elements such as etalons can be accommodated in this method even though
they might have narrow spectral structure. Reflections
within an etalon will introduce time delays that cause
some of the light from one OPO round-trip time slice to
overflow into later slices. This can be handled by passing
the fields covering the full currently known time range
from t 5 0 to t 5 Nt rt
m through the intracavity element
on each pass. Two copies of the fields must be kept, one
that has been modified by the element and one that has
not. The former is used in the crystal calculations; the
latter is passed through the intracavity element to find
the new time history after each pass of the cavity.
To illustrate this method, we modeled the OPO of Fig.
1, using the operating parameters listed in Table 1. As a
starting point we create an input time grid, dimensioned
identically for all three waves, with a time step adjusted
to resolve the full acceptance bandwidth of the crystal,
and a length sufficient to contain the full duration of the
input and the output pulses. We fill this grid with the
applied pump, signal, and idler fields. The signal and
the idler fields include quantum noise in addition to any
seed light. Quantum noise is simulated by filling each
longitudinal, or frequency, mode of the input grid with
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light of random phase and with Gaussian amplitude distribution normalized to an average of one half photon per
longitudinal mode. A random-number generator assigns
the phases over the range 0–2p, and the amplitudes are
created by translation of a separate set of random numbers to a Gaussian distribution. Enough modes are filled
so the spectrum spans the full acceptance bandwidth of
the crystal, and they are centered on the carrier frequency of the signal or idler. These fields are Fourier
transformed to the time domain and inserted in the input
grid. This gives a Gaussian field amplitude distribution
at the input mirror with a correlation time less than the
inverse crystal acceptance bandwidth. This treatment of
quantum noise is similar to that of Arisholm.9 Usually,
broad-bandwidth OPO’s have linewidths three to five
times smaller than the crystal acceptance bandwidth, so
starting with a noise spectrum slightly broader than the
acceptance bandwidth should avoid artificial narrowing of
the output spectrum. The time spanned by the input
grid is a few times the duration of the pump pulse, which
in turn is many times the cavity round-trip time, forcing
the frequency spacing of the noise modes to be much less
than the cavity mode spacing. In this model, the cavity
boundary conditions and the crystal gain select the oscillating modes; we make no assumptions about them. We
do assume that we are modeling the central rays of
lowest-order Gaussian transverse modes of specified diameters. This should be realistic for low-Fresnelnumber OPO’s that support oscillation on only a single
transverse mode.

The second model is also based on split-step integration,
but rather than transforming between t and v, we transform between z and k z in the propagation half of the split
step. This propagates the fields over equal t steps rather
than over equal z steps. In a reference frame with z
transformed so the fastest-moving pulse is stationary in
z 8 , defined by
z 8 5 z 2 v m t,

(19)

t 8 5 t,

(20)

the propagation equations take the form

F

~vj 2 vm!

G

]
]
1
e ~ t, z 8 ! 5 0.
]z8
]t j

(21)

In $ t,k z % space they take the form

F

i ~ v j 2 v m ! Dk z 1

G

]
e ~ t, Dk z ! 5 0.
]t j

Fig. 3. Example of OPO model gridding for split-step method 2.
The z grids outside the crystal are spaced by Dz 5 cDt; that inside the crystal is spaced by Dz 5 v m Dt, where v m is the fastest
of the three group velocities.

forming back to $ t, z 8 % . Here, Dk z is the offset from the
wave vector of the associated carrier wave. This shifts
the slower waves to the left, or toward smaller z 8 , by the
amount @ Dt(v m 2 v i ) # , a small fraction of the grid interval. All the fields are then clocked one grid space clockwise over the full cavity and input and output grids, applying the mirror and crystal transmission and reflection
coefficients to satisfy boundary conditions. The propagation transform is performed only over the crystal length,
rather than over the full cavity. As before, we justify this
by noting that ordinarily it is only the light within the
crystal that determines the propagation in the crystal.
Buffer zones are appended to the crystal fields similar to
those described for method 1 above to avoid aliasing in
the fast Fourier transforms.
The mixing half of the split step consists of integrating
Eqs. (6)–(8) from t 0 to (t 0 1 Dt), neglecting the propagation term. The mixing equations of form

]
e ~ t, z 8 ! 5 v j P j ~ t, z 8 !
]t j

3. SPLIT-STEP METHOD 2

(22)

A z grid is set up in the crystal. We define a time step,
Dt, as the time for the fastest wave to move one z step.
Grids with this time step are set up outside the crystal as
shown in Fig. 3. The input fields are placed on the input
grid with time proceeding right to left as shown. Each
step in the integration will represent a time snapshot of
the fields. Propagation in the crystal proceeds by Fourier
transforming all but the fastest wave from $ t, z 8 % to
$ t, k z % over the full crystal length, phase shifting each
monochromatic wave by @ Dk z Dt(v i 2 v m ) # and trans-
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(23)

are integrated at each grid point within the crystal. We
applied this method under identical conditions to the example above and achieve results identical to those of
method 1.
It is possible to include intracavity etalons in this
method directly by adding the etalon-mirror reflective
boundary conditions to the grid propagation. This is
straightforward if the etalon mirrors lie on grid points.
If not, fast-Fourier-transform methods can be used to
shift fields a fraction of a grid spacing to simulate the etalon accurately.

4. CAVITY-MODE-EXPANSION METHOD
The cavity-mode expansion method derives exact cavity
equations of motion for the intracavity fields by expanding each field in terms of the longitudinal spatial modes of
the OPO cavity. This approach has been successfully applied to lasers with externally injected fields.24 The key
step in expanding the fields in a Fourier series of longitudinal modes is to write the field amplitudes inside the
cavity as

F

G

z
e j ~ t, z ! 5 A j ~ t, z ! u j ~ z ! g j exp 2 ln~ g j ! 1 e inj
j ~ t, z ! .
L
(24)
The motivation for this expansion is to define amplitudes
A j (t, z) that are continuous throughout the cavity and
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satisfy periodic boundary conditions at z 5 0 and z 5 L
so Fourier transforms can be used. The functions u j (z)
satisfy
du j ~ z !
50
dz

AR j exp~ i v j L/c ! u j ~ L ! 5 g j u j ~ 0 ! .

(26)

The eigenvalues g j are found from the solution of Eq. (26)
to be

AR j A1 2 R out
A1 2 R inj exp~ i f j ! ,
j

(27)

with f j being the residual round-trip phase caused by detuning of the carrier from cavity resonance. Thus the
functions u j (z) and the constants g j handle discontinuities in the cavity fields for arbitrary mirror reflectivities,
crystal reflectivities, and cavity detunings.
In order to make the A j (t, z)’s periodic, it is also necessary to factor out the injected fields as in Eq. (24). These
are the fields that develop in the passive cavity owing to
the input fields so they satisfy the homogeneous planewave equation (no nonlinear polarization term) with
boundary conditions

e

inj
j ~ t,

0! 5

A1 2 R j e

in
j ~t!

1

AR j e

inj
j ~ t,

L ! exp~ i f j ! .
(28)

Analytical expressions for e inj
j (t, z) are easily obtained for
the OPO cavity shown in Fig. 1. Substituting Eq. (24)
into the mixing equations, we find the amplitudes A j (t, z)
satisfy
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ln g j A j ~ t, z ! 5
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g j u j ~ z ! exp~ 2z ln g j /L !
(29)

throughout the cavity, where v j (z) is v j in the crystal and
c in air. By use of Eqs. (26) and (28), the A j (t, z)’s satisfy
the periodic boundary conditions
A j ~ t, 0 ! 5 A j ~ t, L !

(30)

at all times. Because they are also continuous functions
of z, they can be expanded in a Fourier series of longitudinal modes of the empty ring cavity
A j ~ t, z ! 5

( A ~ t ! exp~ 2i2 p qz/L ! ,
q

j
q

dt

5

(31)

where q is the cavity mode integer. The expansion coefficients evolve in time according to

1
L

(V
q

1

(25)

inside and outside the crystal except at the crystal faces
and mirrors, where they are discontinuous. They satisfy
all boundary conditions at discrete locations in the cavity
(mirror reflections, crystal surface losses, and phase shifts
upon reflection and transmission at surfaces). Because
all the discontinuous boundary conditions inside the cavity are handled by the functions u j (z), the amplitudes
A j (t, z) are continuous between 0 , z , L. At the input
mirror the functions u j (z) satisfy the reduced boundary
condition

gj 5
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E
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G

z
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Equation (32) represents the coupled equation of motion
for each Fourier component of each field inside the OPO
cavity. We solved these equations under identical conditions to the example above and achieved results identical
to those of methods 1 and 2. This gives us confidence
that all three methods correctly solve the three-wave mixing equations with group-velocity differences subject to
the OPO cavity boundary conditions.
Including intracavity etalons is not straightforward in
this formulation. In principle, one could find the longitudinal modes of the OPO cavity with an etalon in the cavity, and then expand the fields in terms of these modes.
However, methods 1 and 2 offer a much more straightforward approach for including etalons. Finally, transverse
effects can be included by expansion of the fields in the
transverse modes of the bare cavity.

5. COMPARISON OF METHODS
Each of our models has its strengths and weaknesses.
For a direct comparison among them, we chose the example of Table 1. For method 1 the time step was 0.303
ps, the number of time steps included in each single-pass
integration was 256, and the number of z steps in the
crystal was 50. Run time was ;5 min on a 300-MHz
Pentium II computer with the simulation programmed in
APL, an interpreted language.
For FORTRAN or C11
implementations, the run time would probably be halved.
For method 2, the time step was 0.188 ps and the number
of z grid points in the crystal was 256. Run time was
slightly longer at ;15 min. The modeled OPO performance was identical for the two methods. The two run
times should each scale approximately the same with
changes in bandwidth, pulse duration, and crystal and
cavity length, so there is not a clear winner in computation speed or memory requirements. Both can be readily
extended to include diffraction and birefringent walk-off
by inclusion in the propagation half-step of the transform
from $x, y% to $ k x , k y % . Diffraction and walk-off are
handled by addition of the diffractive and walk-off phase
shifts, followed by transformation back to $x, y%.25 This
should apply equally to both split-step methods. This
combination of group-velocity walk-off with diffraction
and birefringent walk-off has been demonstrated by
Milonni et al.19 in a model of single-pass second-harmonic
generation that uses the (t ↔ v ) transform method to
handle group velocity. Arisholm9 also combines this
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treatment of diffraction with an approximate handling of
group-velocity walk-off in his OPO model.
If the group-velocity dispersion terms in Eqs. (6)–(8)
are important, for example, in a degenerate type 1 OPO,
method 1 has an advantage because the nonlinear mixing
equation remains a first-order equation, whereas in
method 2 it becomes second order. One attractive feature of method 2 is that it gives a series of snapshots of
the fields permitting a movielike display of the fields as
they propagate through the crystal. This can provide
valuable insight into the evolution of the mixing fields.
Another advantage of method 2 is that it easily accommodates different cavity lengths for the signal and the idler
in doubly resonant OPO’s. The cavity grid external to
the crystal is simply increased or decreased in size to
lengthen or shorten the cavity. Implementations of these
two methods are included in the public domain software
package SNLO.26
The cavity mode expansion method is much slower
than the other two, with a run time of ;2 h in FORTRAN.
The reason for this is not clear, and we did not pursue
this method further since methods 1 and 2 give identical
results and run much faster. We speculate that one reason method 3 may be slow is because the pump and idler
are not resonant in the example calculation yet they are
expanded in OPO cavity modes. The expansion coefficients seem to vary rapidly in time, which requires small
time steps and higher-accuracy integration schemes. We
used a fourth-order Runge–Kutta scheme to solve the
coupled equations Eq. (32) using a time step of 0.076 ps,
127 longitudinal modes, and 120 z-grid points in the crystal for the example of Table 1. Method 3 is of interest
primarily as an extension of previous models of multimode lasers and OPO’s, showing how they can be adapted
to correctly model nanosecond OPO’s.
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ing with 1 nW, but for 10 nW the seeded mode is ;100
times the strength of the other modes, and for 100 nW the
seeded mode is ;1000 times the strength of the other
modes. The seed light was exactly resonant with a cavity
mode. This observation of a seeding threshold power of
;10 nW agrees with our measured seeding threshold1 of
;10 nW.
The situation regarding mode correlation or phase
modulation is more complex. In our earlier paper we
presented a number of measurements that, taken together, indicated the light from the KTP OPO was nearly
purely phase modulated, although there was no single definitive measurement. We measured directly the signalwave AM at frequencies of less than 5 GHz, using a fast
Table 2. Parameters of KTP Ring OPO
Parameter
Wavelength (nm)
Refractive index
Group-velocity index
Crystal absorption
(cm21)
Input energy (J)

Pump

Signal

Idler

532
1.79
1.911
0

800
1.818
1.875
0

1588
1.736
1.765
0

0.004

quantum noise
1 variable seed

quantum
noise

FWHM pulse
duration (ns)
FWHM beam
diameter (mm)
Input mirror reflectivity

7
0.6

0.6

0.6

0

0.84

0

Cavity length (mm)
d eff (pm/V)

73
3.1

Crystal length (mm)
Dk (mm21)

10
0

6. EXAMPLE RESULTS AND DISCUSSION
In a pair of earlier papers,1,2 we presented detailed laboratory measurements of the behavior of two similar KTP
ring OPO’s. We reported the unseeded linewidths, seed
power threshold, and a set of measurements that indicated that the unseeded spectrum was nearly phase
modulated with little amplitude modulation (AM). It is
interesting to compare the predictions of our new models
with these observations. The parameters for the KTP
OPO are listed in Table 2. First, we consider the unseeded spectra. The model predicts large pulse-to-pulse
variation in the signal and idler spectra, which reflects
the variation in the start-up noise. Figure 4 shows two
calculated unseeded spectra under identical operating
conditions except for different signal and idler quantum
noise. This large variation is in qualitative agreement
with our laboratory observations. Figure 4 also shows
the signal spectrum averaged over ten pulses. The averaged linewidth is ;2.5 cm21, in good agreement with the
measured linewidth of ;3 cm21. In these runs the linewidth of the start up noise was 15 cm21. When cw seed
light at the signal wavelength is added, the spectrum narrows as expected. Figure 5 shows a series of spectra corresponding to seed levels of 0, 1, 10, and 100 nW for the
same starting noise in each case. There is slight narrow-

Fig. 4. Signal spectra for OPO of Table 2 pumped at twice
threshold. The top two traces are for individual pulses with different start-up noise. The bottom trace is the average of ten
pulses with fluctuating start-up noise. The averaged spectral
width is ;2.5 cm21 compared with the crystal acceptance bandwidth of 8 cm21.
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Fig. 5. Signal spectra for OPO of Table 2 pumped at twice
threshold. The cw seed power incident on the input mirror is
varied from 0 to 100 nW with the same start-up noise for each
pulse. The spectra are normalized, so the sum of the energy in
all modes is unity. Note the scale changes between the graphs.

oscilloscope and detector. This resolved only the 3.66GHz adjacent mode beating. We found significant AM
for pump levels near threshold, but it disappeared as the
pump level was increased to two and three times threshold. We also summed the signal and the idler waves in a
mixing crystal to create light at the pump wavelength.
With no delay between the signal and the idler pulses, the
reconstructed pump light was nearly monochromatic, but
with a delay it developed sidebands. This indicated that
the signal and the idler waves had large conjugate-phase
excursions but relatively little AM. We also frequency
doubled the signal wave, comparing doubling efficiency
with and without injection seeding. The efficiency
changed by 3% or less, indicating that the output signal
light had much less AM than the quantum noise from
which oscillation builds. From this experimental evidence we conclude that, unlike many Q-switched lasers,
an OPO does not amplify the starting noise with weak
correlations between modes to give nearly chaotic light,
but rather produces light in several longitudinal modes
with strong intermode correlations. The light behaves
more like phase-modulated than chaotic light. In our
earlier paper, we also presented a model calculation that
pointed toward pure phase-modulated light. The model
started with two signal cavity modes seeded so the seed
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had strong AM. We integrated the mixing equations
without the group-velocity terms and found that the AM
was strongly suppressed at high pump levels but not near
threshold, in qualitative agreement with experiment.
We have now applied our new models that include the
group-velocity terms to address the question of the correlation between modes. Based on a limited number of
model runs, we find strong suppression of AM in a signalresonant OPO if the group velocity of the pump is midway
between those of the signal and the idler. With increasing deviation from that value, the AM tends to grow. Interestingly, this optimum value corresponds to exact
phase matching for frequency summing pairs of signal
and idler sidebands with equal detuning from their carriers. That is, all processes satisfying @ (D v s 5 N d )
1 (D v i 5 N d ) → (D v p 5 12N d ) # are exactly phase
matched, where d is the mode spacing. Why this should
suppress AM most effectively is not obvious. This case is
illustrated in Fig. 6, which shows time profiles of the signal wave for various pump levels for the OPO conditions
of Table 1. Each run uses the same starting noise. The
suppression of AM with increasing pump is apparent.
Further, the leading edge of the signal pulses retains
some modulation even at the higher pump levels, qualitatively agreeing with our laboratory observations. The
details of the leading-edge modulation reflect the modulation in the start-up noise fields and fluctuate from pulse
to pulse if different starting noise is used.
However, in the KTP OPO’s of our earlier papers, the
pump group velocity is slower than both the signal and
the idler velocities. Our model indicates that AM suppression is weaker here. In fact, rather than producing a
smooth time profile, methods 1 and 2 both predict a
smooth profile interrupted by amplitude excursions with
the characteristic shape shown in Fig. 7. The location

Fig. 6. Time profiles of the signal wave for the OPO of Table 1
with pump pulse fluences near threshold, twice threshold, and
four times threshold. The pump pulse is centered a time zero
and has a 7-ns width (FWHM).
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Fig. 7. Time profile of the signal wave of the OPO of Table 2
pumped at twice threshold. One half of a cavity round trip is
displayed starting about midway through the signal pulse.

and abundance of these blips depends on the starting
noise but their shape is nearly universal. They persist
for the duration of the pulse, recurring with a round-trip
period. They are a direct consequence of the difference in
group velocities of the three waves, and their width approximates the pump/idler walk-off time t ip of 4.9 ps.
Different sets of group velocities develop other characteristic shapes. Interestingly, when we calculate the relative efficiency for frequency doubling the predicted signal
wave, it is within 3% of a temporally smooth pulse, so the
second-harmonic test of our previous work, which had a
3% detection limit, would not have clearly detected this
type of AM. Further, when we filter the signal wave as
detected by a square-law detector to pass only frequencies
,5 GHz, corresponding to our direct AM measurement,
very little modulation appears on the pulse profile because the blips are bipolar with nearly equal positive and
negative excursions. Also, near threshold the characteristic shape is replaced by only negative excursions, so
more AM is predicted. This trend is in qualitative agreement with our earlier report. However, as the pump
level is increased to four times threshold, the number of
blips increases, as does the 3.66-GHz AM, in disagreement with laboratory observations. We must conclude
that, while there is strong correlation between modes,
perhaps AM suppression is not complete in all cases, including the KTP OPO’s we studied. We note, however,
that a few percent idler feedback significantly reduced the
number of blips. Also, the velocity of the blips slows
slightly with increasing pump level, so it may be that including realistic transverse beam profiles and diffraction
would reduce or eliminate them.
Not surprisingly, adding idler feedback to make the
OPO of Table 2 doubly resonant dramatically alters this
behavior. As Arisholm notes,9 the spectra narrow substantially for a doubly resonant OPO. If we use R i
5 R s 5 0.4 instead of R i 5 0, R s 5 0.84, the conversion
efficiency is about the same but the signal and the idler
spectra are narrowed by ;30% and AM is suppressed
more strongly. One factor acting to narrow the spectral
width is the incommensurate mode spacings of the signal
and the idler. These are determined by the group veloci-
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ties, so for equal cavity lengths the signal mode frequency
spacing is ;1.4% less than the idler. If the modes overlap at the carrier frequencies, they separate by 1.4% per
mode of detuning. Because the modes are quite narrow,
this reduces the gain for modes detuned by ten or so
modes, narrowing the spectrum slightly. This effect can
be exaggerated by further lengthening the signal cavity
relative to the idler cavity. This could be done with separate signal and idler mirrors. Using method 2, which
easily accommodates different cavity lengths for the two
waves, we find that if the signal cavity is lengthened by
;4.5%, the spectrum is narrowed to almost a single mode.
All detuned modes are suppressed below 5% of the central
mode. Weak modes occur in clusters separated from the
central mode cluster by ;1.5 cm21. This is similar to the
cluster tuning effect commonly noted for cw OPO’s. The
effect is akin to inserting a line-narrowing etalon in the
OPO cavity. However, this spectral narrowing is accompanied by increased high-frequency AM. If we shorten
the signal cavity so the mode spacings of the signal and
the idler waves are matched, the AM suppression is enhanced compared with equal-length cavities, and the
spectra are slightly broadened. In fact, the AM suppression in this case is almost as strong as in the OPO of
Table 1 and Fig. 6.
Another testable feature predicted by our model is the
existence of many low-level sidebands on the depleted
pump light even though the input pump is single mode.
A predicted power spectrum shown in Fig. 8 for the KTP
ring OPO of Table 2 has many sidebands at the subpercent level spread over a range approximately equal to the
8-cm21 crystal acceptance bandwidth, with peaks separated by the OPO mode spacing. For seeded operation,
these sidebands are absent. We verified this behavior in
a laboratory OPO by analyzing the depleted pump light
using a Fabry–Perot etalon. Figure 9 compares depleted
pump spectra for seeded and unseeded operation along
with a reference spectrum taken by blocking of the signal
wave inside the OPO cavity to prevent oscillation. Note
the presence of many low-level modes only in the unseeded case. Our analyzing Fabry–Perot had a free spectral range of 45.4 GHz and finesse of ;35. We scanned
the central spot of the etalon with each point on the trace

Fig. 8. Computed spectrum of the depleted pump wave for the
OPO of Table 2 pumped at twice threshold.
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shape depend on the relative group velocities. We expect
these models will provide a guide in designing nanosecond OPO’s with spectral control either by injection seeding or by use of intracavity frequency-selective elements.
Although we have not presented examples here, our models also permit the use of multimode pump light, so the
influence of the pump spectrum can also be studied. Finally, we note that method 1 can readily accommodate
group-velocity dispersion terms so it should be possible to
model degenerate type 1 OPO’s with their extremely large
bandwidths.
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